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Abstract

We consider the problem of the existence of additional analytical first integrals
in some Hamiltonian systems, which are close to integrable, namely, the motion
of arigid body is close to a dynamically symmetric one.

The problem of motion of a rigid body in an ideal liquid (the Kirchhoff
problem) and the similar problem of rotation of a rigid body with a fixed point
in an axisymmetric force field with a quadratic potential are investigated. The
existence of hyperbolic periodic and asymptotic trajectories is shown. It is
proved that perturbed trajectories are crossed but do not coincide. This is the
reason for the absence of an additional analytical first integral in the perturbed
problem.

The problem of perturbed motion of a dynamically symmetric rigid body
along an absolutely smooth horizontal plane is considered. Non-integrability
of this problem is proved by the method of splitting asymptotic surfaces.

PACS numbers: 45201, 0230, 9510C

1. The Kirchhoff problem

The motion of a rigid body in an ideal fluid is described by the Kirchhoff equations in
R® = R3{M} x R3{e}:

where H = %(AM, M)+ (BM,e) + %(Ce, e) is a positive-definite quadratic form, M is the
kinetic moment and e is the impulsive force (see [1]). Matrix A can always be brought into
diagonal form by means of an orthogonal transformation: A = diag(a,, az, a3), matrices B
and C are symmetrical. If the body has three mutually perpendicular planes of symmetry, then
B = O, C = diag(c”, C22, C33).

The Kirchhoff equations always have three first integrals: F, = (M, e), F3 = (e, c).
If there exists an additional integral that is independent of the three classical ones, then the
Kirchhoff equations are completely integrable.
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As noted by Steklov in [2], in the case B = 0 the Kirchhoff equations are equivalent to
the Euler—Poisson equations of motion of a rigid body with a fixed point in an axisymmetric
force field with quadratic potential —U (), where y is the unit vector of the axis of symmetry
of the force field. The Hamiltonian is

The angular velocity vectorisw = 0H/0M = AM = I~'M, where 1/a; = I;,i = 1,2,3 are
the principal central moments of inertia of some rigid body. In what follows, we will consider
the case B = 0, and therefore we will not distinguish between the problem of rotation of a
rigid body with a fixed point in an axisymmetric force field and the problem of motion of a
rigid body in an ideal fluid. The equations of motion of a rigid body in a quadratic force field
with potential

Uy, v2,v3) = %(011)/12 +CnYs +CnY) F eIV + Ci3Vi Y + €32V
can be written in the form of the Euler—Poisson equations:

lo+oxlo=y xU, y+wxy=0.
If 1 = ¢c13 = c3 = 0 and

(c2 —cm3) /a1 + (e33 —cn)/az + (cn1 — ¢a2)/az =0

then these equations have a first integral (the case of Clebsch integrability). It was shown in
[3] that if a; # a» # a3, then no new integrable cases exist, except for the Clebsch case. If
ay; = ap # az and || = ¢y, then there exists a new integral M3 = w3/a3 = constant. This is
the case of Kirchhoff integrability. From the standpoint of the problem of rotation of a rigid
body with a fixed point, it is natural to also refer to this case as the Lagrange case.

Theorem. (See [4]'). Assume that a; = a, # a3 and that the elements of the symmetrical
matrix C = ||¢;j || are as follows: c11 = ¢ + €, ¢ # €33, £C12, €C13, £C23. Then for small
e # 0 the Kirchhoff equations do not have a new integral that is analytic in R°.

Remark. If a; = a; = as, then the Kirchhoff equations are completely integrable.

The proof of the theorem is based on the Poincaré method of splitting the asymptotic
surfaces [5, 6].

(a) Using the integral F3 = (y, ), to within an additive constant we can represent the force
functions in the following form:

U= %(033 — )i + %87/12 +e(Ccan1ye + i3V + c31213).

Assume that H = Hy + ¢ H; is the Hamiltonian of the problem of perturbed motion of a
Lagrange top in a quadratic force field:

Ho = 3 1((p* +¢*) + 313 + 5 (33 — en)i
H, = %7/12 +cuyiy2 tCi3yiys + c3y2ys.

Using the kinematic Euler equation and the area integral with constant equal to zero, we
arrive at the unperturbed problem with one degree of freedom:

2,7 ~ 2 132’3
Hy=1n60’+U U=lcos9< +e33—c >
0 21 2 Ilsinze 33 22

! A similar theorem was formulated in [4] for the particular case in which ||¢; |l is a diagonal matrix.
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(b) In order to obtain asymptotic solutions, let us determine the critical points at which U has
a maximum, i.e. unstable equilibrium points. The point 6 = /2 is always critical; the
local maximum condition for U at point 0 = 7 /2 is

2,2
Iirg 2

€33 —Cp < — =—a (D
I

where « is a constant that depends on the initial conditions. For ¢33 < ¢y by choosing
ro we can always achieve satisfaction of condition (1), i.e. an asymptotic trajectory runs
through the point & = 7 /2 on the phase plane in this case. If ¢33 > ¢, then we replace
y by iy. This change does not affect the real property of the Kirchhoff equations, and
corresponds to a simple change of sign of all the coefficients ¢;;. After this change
has been made, the condition c33 < ¢z, will be satisfied. If there exists an integral of
the Kirchhoff equations F4(w, ), then the functions F, and F,’, determined from the
equation Fy(w, iy) = F, +iF,/, are integrals of a modified Kirchhoff system; at least one
of them is independent with three classical integrals Fi, F», F3. Thus, we can assume that
the condition ¢33 < ¢, is always met and that asymptotic solutions run through the point
0 =m/2.

(c) Inthe homoclinic case, the splitting condition for the separatrices implies that the perturbed
problem is not integrable [6, p 44]. The splitting condition is

/ {Fo, Hi}(zo(1), 1) # 0 @

where z( () is the unperturbed asymptotic solution [6, p 42]). As the first integral of the
unperturbed system with Hamiltonian H, we take the function Fy = %I (PP+gD)+ % (c33—
622))/32, chosen from the convergence condition for integral (2). To calculate { Fy, H;} we
employ the expressions

pP2y3s — P32 pP3Y1 — P1V3 P1Y2 — p2Yi
p = —-— q = — y = —
I I £

where pi, p», p3 are the conjugate canonical momentato yy, ¥, y3 [7]. Then, for example,

{FO, y—lz} = gy1y3 = —rocos® 0 sin ¢ cos ¢ <1 + %)
2 I, sin“ 0

On the asymptotic trajectory
eZ(aﬂHk) +1— 2612
2a+/1 — a?

where a®> = 1 — 132r§/11 (ca —¢3), B2 = (cr — c3)/ 11, k is the initial phase. Note that the
generality of the proof is not reduced by choosing the area constant in section 1 to be equal
to zero, since it can be shown that the separatrices split under this condition, then the fact
of continuity implies that they also split for sufficiently small values of the area constant.
If no additional analytic integral exists in some region corresponding to a small interval
of change of the area constant, then it does not exist in the entire region of variation of the
parameters.

(d) Calculating (2) by means of residues, we obtain the non-splitting condition for the
separatrices for I3 = 0:

B 2Bc12

enro/2 _ g—mro/2 Sin 27‘0]( o enro/2 _ g—mro/2

@ = rot + arctan

cos 2rok + 4¢3 sinrgk — 4¢3 cosrok = 0.
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A series of equalities follow from this: ¢ = ¢j3 = ¢23 = 0, = 0. By the condition of
the theorem, ¢y # ¢33, i.e. B # 0. Consequently, expression (2) is not identically zero
and this proved that the perturbed problem is non-integrable for almost all /3 # O:

o0 I3 cos? 0
—1ro / <cos2 0 sin2¢ + 1—3 7 sin 2(p> dr

00 1 sin

2

*° I3 cos” 0
—roC12 / <0052 0 cos2¢ + 2 ——— Cos 2(,0) dt
% I sin“ 0

/oo cosf (-2 ) 9) ‘32 132r§ 1 — el(@pi+h) )
+c — 2cos — = T o sSin
13 - sin6 112 1 +62(a/3t+k) 4
I3 cosf > cos6 2 132"(%
——ry——cos“ 6 cos ¢ | dt +023/ —(1 —2cos”0),[p* — =5~
I “sin6 ool sin6 I

1 — e2(@pr+k) I; cos6
X——————COSQ+ —F
1+ e2aprety <% I, ’sing

cos? 6 sin ¢] dr #0.

Upon the coefficients for the sines and cosines, for example, in the neighbourhood of
ro = 0, we can readily show that they are not identically zero, and thus the theorem is
proved in the general case.

2. A symmetric rigid body on a horizontal plane

Let a moving body of revolution be in contact with a fixed surface and P be the point of
contact. In contrast to [8], we consider the case when the ellipsoid of inertia for the centre of
mass G is an ellipsoid of revolution around the axis Gz. The distance from G to the plane is
equal to |GQ| = ¢ = f(0), where 6 is the angle between the zZ-axis and the vector GQ. Let
A = B # C be the principal central moments of inertia of the body.

Let us formulate the conditions of existence of asymptotic solutions for the unperturbed
system with the Hamiltonian (see [9])

Hy= M+ LA(p* +¢%) + 3Cr* + Mg.
Using the kinematic Euler equations
p = rsin@sing + 6 cos ¢ g = ¥ sinfcosg — 6 sing
and the integrals of motion
%Mé‘z + %A(p2 +q2) + %Cr2 + Mg¢ = h = constant
Apsinfsing + Agsinf cos¢ + Cr cos = K = constant
r = rog = constant
we obtain the equalities
[1+cf?(0)10% +y*sin’0 = o — af (9) 3)
Vrsin?@ = B — brocos® @ =ry— Y cosf 4)
where o = %(Zh - Crg), a=2Mg/A,c=M/A,B=K/Aand b = C/A. The equation
6%[1 +cf(0)]sin’ 0 = [a — af (0)]sin’> @ — (B — brycosH)? 3)
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follows from (3) and (4). For convenience, the following change is used: 6§ = 7/2 + x and
f(@) = g(x). The initial conditions 8 = 0 and ¢ = ag(0) correspond to the unperturbed
periodic motion 6 = /2, 6=0, 1// = 0, ¢ = ry. Using these initial conditions, from (5) we
obtain

alg0) — g(x)] bzrg sin® x T

T
——<x<—.
2

PRI E T G @ T e @leostx 2

If F”(0) > 0, then the asymptotic trajectory passes through the point x = O on the phase
plane. If g(x) is an even function, then in a neighbourhood of the point x = 0 we have the
expansion

g(x) = g(0) +x” +o(x?)
where & = ¢”(0)/2. Hence, the condition F”(0) > 0 may be replaced by

2.2
_bro

&<

Let us consider the perturbed problem (when the centre of mass is slightly displaced
from the axis of symmetry along the Xx-axis) with the Hamiltonian H = Hj + ¢ H|, where
H; = Mglsin 6 sin ¢.

Let f(0) =[sin6 (g(x) = [ cosx). This choice of f corresponds to the case when a disc
of radius / slides along a horizontal plane. Then,

5 al(l —cosx) b2rl sin® x
2 = _

1+c?sin®x (1 +cl?sin®x)?cos? x

In order to simplify our calculations, we assume that c — O and » — 0 (i.e. C — 0,
A — land M/A — 0). It follows from the analyticity that the result given below is valid for
almost all values of the moment of inertia.

Now the equation for the asymptotic surface takes the form

%2 = al(l — cosx).

Following the method of splitting of asymptotic surfaces (see [6]), we calculate the Poisson
bracket of the functions Fy and H;:

{Fy, Hi} = Mglx sin x sin ¢.

Here Fy = Hy — Crg /2 is the first integral of the unperturbed system. Using the residues, we
obtain

l6m
exp (nrﬁ@) — exp (—nro/M)

2
sin rok — (3 + —°> cos I"()k]

[t ar =
—0oQ

o
X
[ ~2al 2al
where k is an arbitrary constant. This integral is not equal to zero identically. Hence, we proved
that the asymptotic surfaces are split and that non-integrability of the perturbed problem takes

place in the homoclinic case being considered (see [9]).
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